In the present work, we propose a simple model-free approach for the computation of molecular diffusion tensors from molecular dynamics trajectories. The method uses a rigid body trajectory of the molecule under consideration, which is constructed a posteriori by an accumulation of quaternionbased superposition fits of consecutive conformations. From the rigid body trajectory, we compute the translational and angular velocities of the molecule and by integration of the latter also the corresponding angular trajectory. All quantities can be referred to the laboratory frame and a moleculefixed frame. The 6 × 6 diffusion tensor is computed from the asymptotic slope of the tensorial mean square displacement and, for comparison, also from the Kubo integral of the velocity correlation tensor. The method is illustrated for two simple model systems -a water molecule and a lysozyme molecule in bulk water. We give estimations of the statistical accuracy of the calculations.
I. INTRODUCTION
Anisotropic molecular diffusion plays an essential role in many physicochemical processes and in medical imaging. Such an anisotropy may be caused by the environment in which the molecule under consideration diffuses or by the form of the molecule itself. An example for the first case is the diffusion of water molecules in anisotropic cell tissues probed by magnetic resonance imaging. 1, 2 Intrinsic anisotropic diffusion plays a role in protein aggregation, protein-enzyme encounters, [3] [4] [5] [6] [7] and in the analysis of various spectroscopic experiments. We mention here light scattering, 8 quasi-elastic neutron scattering, 9 and nuclear magnetic resonance relaxation spectroscopy. [10] [11] [12] Molecular dynamics (MD) simulations can contribute valuable insight into anisotropic diffusion processes since they yield a description of molecular dynamics on the atomic scale and allow thus, in principle, an ab initio construction of diffusion tensors. In this way, global molecular diffusion can be described in detail which is usually not accessible to experiments. The MD-based diffusion tensors may be subsequently used as input for simulations on coarse-grained time and length scales. Despite these evident advantages, there are not many molecular dynamics studies of anisotropic diffusion of complex molecules. Only recently, a systematic study on that subject has been published. 13 Here, the principal components (eigenvalues) of the rotational diffusion tensor in the molecular frame are obtained by fitting simulated reorientational correlation times for an ensemble of randomly chosen unit vectors in the molecular frame with an analytical expression containing these principal components. The method is based on the assumption of small rotational anisotropy and an implementation can be found in Ref. 14. a) Electronic mail: gerald.kneller@cnrs-orleans. fr The idea of this paper is to use a straightforward generalization of the computation of translational diffusion coefficients, computing instead of a scalar mean-square displacement the 6 × 6 mean-square diffusion tensor from the rototranslational trajectory of the molecule under consideration and extracting the components of the diffusion tensor from the asymptotic slope of its time-dependent components. If the molecule under consideration diffuses in an isotropic system, an inherent anisotropy in its rotational motion can only be revealed in a suitably chosen molecule-fixed frame. In this article, we concentrate on the latter case, considering two simple model systems:
r A water molecule diffusing in bulk water. r A lysozyme molecule diffusing in bulk water.
The paper is organized as follows. In Secs. II and III, we describe, respectively, the theoretical and algorithmic methods for the construction of diffusion tensors, Sec. IV describes its calculations for the model systems described above, and a résumé is presented in Sec. V.
II. THEORY

A. Eckart frame and angular velocity
In the following, we consider the roto-translational diffusion of a non-spherical molecule diffusing in an isotropic medium. If the molecule has internal degrees of freedom, its shape might slightly change in the course of time and one may define an average form with respect to an appropriately defined molecule-fixed frame. The definition of such a frame goes back to Eckart, 15 who considered polyatomic molecules whose internal dynamics is described by harmonic vibrations about the equilibrium positions. Such a limitation is, however, not necessary and a more general definition of an Eckart frame has been recently given in Refs. 16 and 17. The central point is that its rotational motion can be expressed as an accumulation of infinitesimal rotations, each describing the rotation of a "virtual" rigid body which is defined by the instantaneous configuration of the molecule under consideration. The latter follows as closely as possible the real motion of the molecule. During an infinitesimal time interval, the massweighted atomic positions of the instantaneous virtual rigid body are obtained from a least-squares fit to the corresponding positions in the real molecule. As described in Ref. 16 , this follows from Gauss' principle of least constraint. 18 The cumulated infinitesimal rigid-body motions describe the dynamics of an accompanying frame which is fixed at the center of mass of the molecule and whose initial orientation can be arbitrarily chosen. Within this paper, this frame is referred to as "molecule-fixed (Eckart) frame."
In the following, we suppose to know the rotation matrix R(t) which maps the laboratory-fixed basis vectors {e i } onto the molecule-fixed basis vectors { j (t)} of the Eckart frame (i, j = 1, 2, 3). Its elements are given by
and its construction has been described in Ref. 17 . A brief summary will be given later. The rigid body trajectory of the molecule with respect to the laboratory-fixed frame is then described by the rotation matrix R(t) and the center-of-mass trajectory,
where M is the total mass of the molecule and m α the mass of atom α. The time derivative of R(t) defines the components of the angular velocity in the laboratory-fixed frame and in the body-fixed Eckart frame through
where and are skew symmetric matrices containing the Cartesian components of the angular velocity in the laboratory frame and in the molecule-fixed Eckart-frame, respectively,
In both coordinate systems, the components of the angular velocity and the angular momentum, L = α m α r α ∧ṙ α are related via the well-known expression θ · ω = L, where θ is the tensor of inertia, with components
. If the molecule under consideration can perform motions about its equilibrium configuration, the latter is, however, also time-dependent in the molecule-fixed Eckart frame.
B. Tensorial mean square displacement and diffusion tensor
For the following considerations, we define a rototranslational velocity combining the Cartesian coordinates of the translational velocity,
where v α (t) = d x α (t)/dt, with the angular velocity ω(t) into a six-dimensional column vector
The corresponding components in the co-moving Eckartframe are obtained by
All formulae derived in the following can be defined for the laboratory frame and the Eckart frame. The prime indicating the latter is here omitted. Defining a roto-translational displacement of the molecule as
the time-dependent tensorial mean square displacement matrix is computed via
Assuming that the velocity correlation matrix is stationary,
and introducing the abbreviation
expression (10) may be cast into the alternative form
Here, we have performed exactly the same steps as in the derivation of the scalar mean-square displacement for the translational motion of a tagged particle which can be found in textbooks on statistical physics. 19, 20 With these preliminaries, we define the diffusion matrix as
noting that C vv (τ ) is not symmetric. Here, we exclude anomalous diffusion, such that the integral (14) yields a matrix with finite entries on the diagonal. Using the definition (14) of the diffusion matrix, it follows from (13) that
where W 0 is constant and τ C is the slowest time scale in the relaxation of the velocity correlation functions. The diffusion matrix may be partitioned as
where the 3 × 3 matrices correspond to pure translational, pure rotational, and coupled translational-rotational motions. The translational and rotational diffusion constant, respectively, are defined as
III. NUMERICAL AND ALGORITHMIC APPROACH
A. Molecular dynamics simulations
The reference simulation for liquid water was performed for 511 molecules in a cubic box at 300 K, using version 4.6.1 of the GROMACS package, 21 with the SPCE force field.
22
Coulomb interactions were treated with the Particle-MeshEwald (PME) method, 23, 24 using a cutoff radius of 1 nm for the interactions in direct space, and the integration of the equations of motion was performed with the Velocity-Verlet algorithm using a time step of 1 fs. The system was equilibrated with a 200 ps run in NVT-and a subsequent 300 ps simulation run in NPT-conditions. The production run was performed for 1 ns in the NVE ensemble, saving all 10 6 configurations for later analysis. Due to the fast librational motions of water, such a dense sampling of the stored trajectory is necessary for an a posteriori calculation of the angular velocity of the water molecules.
To compute the diffusion tensor of lysozyme, we performed 10 independent MD simulations of one protein surrounded by 16 462 water molecules in a cubic box of L = 8.03039 nm side length. The initial configuration for the heavy atoms was taken from entry 193L of the Brookhaven Protein Data Bank 25 (PDB) and hydrogen atoms have been added according to the standard rules of stereochemistry. Each production run was performed for 10 ns and preceded by an equilibration run at ambient temperature and pressure of slightly different length, in order to generate different initial configurations. The simulations were performed with GROMACS 4.5.4, using the AMBER99-SB force field 26 for the protein, the SPC/E model for water, and the PME method for the calculation of Coulomb interactions. The equations of motions were integrated using a Leap-Frog scheme with a time step of t = 1 fs. All production runs were performed in the NVE ensemble, storing the configurations every 50 fs for subsequent analysis.
B. Numerical calculation of the diffusion tensor
The calculation of the diffusion tensor starts from a full MD trajectory of the molecule under consideration, {x α (n)}, which is sampled at discrete times t = n t. Here, t is the sampling step of the MD trajectory and n = 0, 1, . . . , N t − 1, where N t is the number of time frames in the MD trajectory. In the following, the procedure is described step by step, distinguishing between the laboratory and the co-moving Eckart frame.
1. We define r α (t) = x α (t) − x CM (t) to be the trajectory of atom α with respect to the center-of-mass in the laboratory frame. The whole MD trajectory is translated such that at n = 0, the center of mass of the molecule is located at the origin,
and oriented such that the tensor of inertia corresponding to the positions r α (0) is diagonal. 2. The center-of-mass trajectory describes the translational motion of the molecule,
3. The trajectory of the rotational motion is described by four quaternion parameters, q 0 , q 1 , q 2 , q 3 , satisfying q a. We define r int α (t) to be the trajectory of the internal atomic motions in the co-moving Eckart frame. The procedure is started by setting
The corresponding configurations are shown in Fig. 1 for water and in Fig. 6 for lysozyme. b. Stepping through the MD trajectory, we perform a series of quaternion-based superposition fits 27 and consecutive coordinate transformations yielding the quaternion trajectory q(n) and the trajectory of the internal atomic motions,
Here, n = 0, . . . , N t − 1 and the fits are defined by the
where the minimum is to be computed with respect to the quaternion parameters q(n + 1) and the rotation matrix has the form 4. From the center-of-mass, we compute the corresponding time derivative v CM (n) =ẋ CM (n) using a central difference scheme,
The velocity for the translational motion in the comoving Eckart frame is then obtained by
5. The angular velocity ω is determined in two steps. The first consists in a numerical differentiation of the quaternion trajectory,
and the second in the conversion fromq(n) to ω(n). If ω(n) contains the Cartesian components of the angular velocity in the co-moving Eckart frame, it follows from (3) and (4), respectively, that
are the components of the angular velocity in the laboratory frame and that
are the components of the angular velocity in the bodyfixed Eckart frame. 6. From the velocities
we construct the displacement trajectory
computing the integral numerically with a second order Newton-Cotes formula. For the spatial part in the laboratory frame, this step is not explicitly performed since
is already given on input. 7. Two approaches are used to compute the diffusion tensor: a. D ( ) is obtained from the asymptotic slope of the components of the tensorial MSD (see Eq. (15)). b. D ( ) is obtained from the Kubo relation (14) , using the velocities V ( ) given by Eq. (31). The correlation matrix of the velocities is integrated numerically, using a fixed upper integration limit.
C. Estimation of statistical inaccuracies
The statistical inaccuracy of diffusion tensors for molecules diffusing in an isotropic medium can be estimated by using the fact that in this case D lab should have the form
where D trans and D rot are, respectively, the translational and rotational diffusion constant defined through Eqs. (17) and (18) . Due to statistical inaccuracies, relation (33) will, of course, not be exactly fulfilled and to quantify the deviation of D lab from the ideal form we define the 3 × 3 matrices
where the superscript "MD" indicates the diffusion tensor obtained from the MD trajectory and
according to (17) and (18) . The deviation of each of the matrices δ given in (34)-(37) from the zero matrix are here quantified through the Frobenius norm,
and diffusion tensor elements are considered non-zero only if they fulfill the relation
where the threshold δ is set to δ TT , δ RR , δ TR , or δ RT according to the submatrix to which correspond the indices i, j.
D. Anisotropy
As a scalar measure for the translational and rotational anisotropy, we use
where λ k are the eigenvalues of D T T or D RR , respectively, and λ is the corresponding mean value,
By construction, is invariant under rotations of the coordinate system and we note that λ = D trans or λ = D rot , depending on which of the two diffusion tensors D T T or D RR is considered.
E. Availability of software and data
An ActivePaper 29 containing all the software, input datasets, and results from this study is available as the supplementary material. 30 The datasets can be inspected with any HDF5-compatible software, e.g., the free HDFView. 31 Running the programs on different input data requires the ActivePaper software. 32 These files also contain plots for all the components of all the correlation functions and mean-square displacements we have computed and of which we show only a selection in this article.
IV. RESULTS
A. Diffusion tensor for SPC/E water
According to the SPC/E model, the simulated water molecules are rigid and the Eckart frame simply follows the real rigid body motion of the molecule under consideration. Using the MSD method and averaging over the contributions from all 511 molecules in the system, the diffusion tensor in the laboratory frame is found to be 
and the Kubo method yields very similar components, 
Here, all non-zero elements fulfill the condition (41) and the thresholds for the components in the TT, RR, TR, and RT partition, respectively, are resumed in Table I . The same values are used for the calculation of the diffusion tensor in the molecule-fixed frame, which is depicted in Fig. 1 . Averaging again over the contributions of all molecules in the simulation box, we find with the Kubo method, which again leads to very similar components. One recognizes the presence of translational and rotational anisotropies, as well as a significant translationrotation coupling. The latter indicates preferred screw motions, combining translations along the x-axis with rotations about the y-axis and vice versa. Figures 2 and 3 show the MSDs for the translational and rotational motion, respectively, along the x, y, z-axes in the molecule-fixed frame (upper part) and in the laboratory frame (lower part). Here, the gray zones indicate the fit intervals for expression (15) . The differences clearly indicate an anisotropy for both translational and rotational motions, which is confirmed by looking at the corresponding translational and angular velocity autocorrelation functions depicted in Figs. 4 and 5 . Here, the gray regions indicate the integration intervals which have been used to obtain the diffusion tensor by a numerical approximation of the Kubo integral (14) .
All relevant parameters are resumed in Table II As Fig. 4 , but for the rotational part of the velocity correlation tensor. the Stokes-Einstein formulae,
Although it is not evident that a macroscopic hydrodynamic theory can be applied at the scale of a single water molecule, the results of a ≈ 0.09 − 0.1 nm for both the translational and the rotational hydrodynamic radius are in agreement with the size of a water molecule and demonstrate the consistency of the calculations. The latter is also reflected in the anisotropy parameters, which depend only very little on the method used for the calculation of the diffusion tensor and which show that the anisotropy in the molecule-fixed frame is statistically significant.
B. Lysozyme
Fig . 6 displays the orientation of the lysozyme molecule in the molecule-fixed Eckart frame which is also the starting configuration of the reoriented MD trajectory. The total size of the MD box is indicated in light blue. As indicated earlier, the diffusion tensor for this molecule was computed by averaging over 10 independent MD simulations, with different initial configurations. Here, the statistical accuracy is clearly less good than in the example for water. Not only the number of independent trajectories is much smaller, but the dynamics is also much slower. Using the MSD approach, we find for the diffusion tensor in the laboratory frame 
Again both methods yield almost identical results, but the isotropy for both translational and rotational motion in the laboratory frame is less well established than for the diffusion tensor of water. In this context, we refer to Table III which displays the thresholds which have been computed and used for the components of the diffusion tensor. Using them again in the moleculefixed frame, we obtain 
Within the available statistical accuracy, the translational motion is found to be isotropic and for the rotational motion only a very small anisotropy can be detected. The rotation about the molecule-fixed z -axis is a bit slower than those about the x -and y -axes. Figs. 9 and 10 , respectively, do not exhibit any sign of translational or rotational anisotropy, the slight anisotropy for the rotational motion found by the MSD approach is confirmed by the numerical evaluation of the Kubo integral (14) . The integration intervals are again indicated by the gray zones.
The essential parameters of the calculations are given in Table IV laboratory and in the molecule-fixed frame. The fact that the anisotropy parameters are smaller in the molecule-fixed than in the laboratory frame shows that the motional anisotropy is below the statistically relevant threshold and the diffusional motion of the lysozyme molecule must be considered isotropic, as far as the present simulation analysis is concerned. As for the case of water, we obtain similar values for the translational and rotational hydrodynamic radii, which are, however, smaller than the experimental value of a = 1.77 nm found by quasielastic light scattering.
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V. RÉSUMÉ
We have presented two approaches for the calculation of molecular diffusion tensors from MD simulations, which are based on the relation between the MSD tensor and the corresponding velocity correlation tensor. In the first case, the diffusion tensor is inferred from the asymptotic slope of the components of the MSD tensor and in the second by Kubo integrals of the corresponding correlation functions. The translational motion is described by the center-of-mass trajectory of the molecule and the angular trajectories are constructed by an accumulation of virtual rigid body motions which are constructed a posteriori from a given MD trajectory. For this purpose, we use quaternion-based rigid body fits of consecutive molecular conformations. From the resulting quaternion trajectory, we construct the components of the angular velocity and a subsequent integration yields the angular trajectories of the molecule. From a conceptual point of view, the approach is straightforward and can be considered as a generalization of the usual approaches to compute translational diffusion coefficients. Using 511 rigid SPC/E water molecules in a cubic box as a first test case, we were able to evaluate the reliability of the method, since the molecular diffusion tensor can be averaged over the contributions from all molecules in the box. We found clear anisotropies in the diffusional motion of the water molecules as well as a pronounced translation-rotation coupling. As a second test case, we computed the diffusion tensor for a flexible lysozyme molecule in a cubic water box, averaging the results of ten independent MD simulations. Within the statistical limits, no translation-rotation coupling is observed and the diffusive dynamics is found to be almost isotropic. For both test cases, we find coherent results for the translational and rotational diffusion constants and the corresponding hydrodynamic radii.
